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ABSTRACT: In Numerical analysis we study the
some numerical methods to find the approximate
solution of problems instead than exact solution.
numerical integration to find the numerical value of
a definite integral. In this paper we derived
trapezoidal rule over rectangular region an its error
term to solve double integral.
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l. INTRODUCTION

The object of this paper is to extend the
trapezoidal rule formula over interval to rectangle
[a,b] X [c,d]and to find its error term. The error
analysis of bivariate function over rectangle is
derived recursively from the corresponding
univariate error analysis in [3] .from such extended
trapezoidal formula for bivariate function to solve
double integral over given rectangular region
provided that  functionz = f(x, y)must be
continuous. Now trapezoidal rule over[x;,x;;1] X
[vj» ¥j+1]for uneven space

fy};H—l fxxiH—l f(X, y) dXdy —

(%i41 x1)4(y,+1 y])[f(xi.y]-) +f(Xi+1'y1') n
fxi,yj+1+fxi+1yj+1 [1]

In this paper we used Bivariate Newton divided
difference interpolating polynomial for fon the set
[a,b] X [c,d] such that[a, b] = {X¢, X1 .- X
and [c,d] = {yo, y1, ) ¥l

P(x,y) =
Zf‘:o Xito f[Xo, Xy X3 Yor Y15 -0 Yj] [[Eo(x—
xi)j=0n(y—yj)[2]

and its error formula for fis continuous there exist
values Z€ (a,b),n € (c,d)and (,n) € (a,b) X
(¢, d)such that

Exy) =
M=) 0™ *@y) | o=y o™ lexn)
(m+1)! gxm+1 (n+1)! ayn+l

Lo G=xi) [TLo =) a™ 0 +2(7y )
(m+1)!(n+1)! 6Xm+1 ayn+1 L

2]

1. MAIN RESULT
Theorem:

Letf: [a,b] X [c,d] = R. Suppose that the
rectangle [a,b] X [c,d]is divided into mn sub-
rectangles [x;, Xi+1] X [yj, yj+1]of width h = bM;a ,
k= %using equally spaced nodes x; = x, + ih
,¥j = Yo + jkfor i=0,1,2,..,mand j=
0,1,2, ...,n. The composite trapezoidal rule for mn
sub rectangles is

T(f, hk) = [f(x0,y0) + f(X0, yn) + f(Xm, ¥o)

+ (X, yn)
+ 2 Z (f(Xi, YO) + f(Xil YH))
0<i<m

+2 ) (0.y) + )

0<j<n

+4 Z Z f(Xi.Yj)]

0<j<n 0<i<m

Proof:
Let a=x;<x;<<xp,=Db and c=y;<
y1 < -+ <y, = d be partition of [a,b] and [c, d]
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=M%

a=Xxy Xy X Lo X

hk (¢
[ [ tesypaxay ~ 5 (Z (s y0) + G, 2))
i=0

+ Z(f(xi,yl) + f(x1,y2)) + -
i=0

+ Z(f(xi' Yn—l) + f(Xi' Yn))>
i=0

hk
=7 [£(x0,y0) + f(Xm, ¥0)
+ (%0, ¥n) + (X, ¥1)
+ Z(f(xo'}ﬁ) + f(X0,y2) + -
+ f(XO' Yn—l))
+ 2(fCm, y1) + G y2) + -+
+ f(Xm'Yn—l))
+ 2(f(x1,y0) + f(x2,¥0) + -
+ f(Xm-1,¥0))
+ 2(FCx1, yn) + fGcg yn) +
+ f(Xn—l'Yn—l))
+ 4(f(X1'Y1) + f(xz,y1) + -+

+ f(&Xm—1,y1) + -+ H (X1, yn-1)
+ f(XZ'Yn—l) +

+ f(xm—lt Yn—l))]

hk
T(f, hk) = T f(Xo, yO) + f(XOt YH) + f(thyo)

+ f(Xm' YH)
+2 Z (FCx1,y0) + f(x1,y))

0<i<m

+2 Z (f(xo,yj) + f(xm,yi))

0<j<n

4y N f(xi,yj)]

0<j<n 0<i<m

Corollary:(Trapezoidal Rule:Error Analysis)
Suppose that rectangle[a, b] X [c,d]is
subdivide intomn sub-rectangles [x;,Xjyq] X
b-a

[y}, ¥j+1] of width h = —~ k= % Let M and N

sub intervals of [a,b]and [c,d] resp.we divide the
intervals into same number of intervals to form a
rectangle i.eM = N .The composite trapezoidal
rule

hk
T(f,hk) = T f(x0,¥0) + f(X0, ¥n) + f(Xm, ¥o)

+ f(X, ¥n)

+2 Z (FCxi,y0) + f(x1,y))
0<i<m

+2 ) (fx0,3,) + k7))
0<j<n

+4 z z f(XiJYj)]

0<j<n 0<i<m
is an approximation to the integral

d (b
f f f(x,y)dxdy = T(f, hk) + E;(f hk)

Furthermore, if f € CV([a,b] x [c, d]),there exist
(€ (ab),n€(cd) and (7,y) € (a,b) x (c,d) so
that error term E (f, hk) has the form

_ 1 9%f@Qy) 1 8%f(xm)
Br( ) = — (558 + e

1144N304£(T,y")9x20y2

Proof:

We determine the error term when the rule is
applied over [xg,x1] X [yo,y1] - Integrating the
Langrange polynomial for bivariate data Py (x,y)
and its remainder yields

y1 X1 y1 X1
j j fx, y)dxdy = j f Pa (x,y)
Yo X0 Yo 1
y1 Yo
+ f f E(x,y)
Yo X1
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1 ¥ intervals that is M = N and points are uniformly
f f f(x,y)dxdy , 1 1
o xo spaced with (x; — x;_4) = ﬁand(yj — Y1) = m

Y1 X1

ZJ- J- (f[xoiyo] + flx0; Yo, y11 v — yo)
Yo X0

+ flx0, %15 Yol (x — %)

+ f %0, %15 Y0, y11(x — x0) (v — ¥p) ) dxdy

Y1 Yo ]‘[ilzo(x—xi)azf(vK)
L

2! 0x?2
N [Ty — ) 0*f (x,m)
2! dy?
_ ENCEED) H}:o(}’ - ) *f({,y) dxd
212! dx20y? Y

hk
=7 [f (x0, ¥0) + f(x0,¥1) + f(x1,¥0)
On —yo) [—(x1 — x0)3) azf(f'}’)

+ f L y)] + 5 6 Ox2
(g — x0) (‘()71 - 3’0)3> azf(x, ub;
+ 6

2 dy?
B 1(‘(961 - x0)3> (‘(3’1 - J’O)3) *f(C,y)
6

4 6 dx20y?

hk
=7 [f (x0,¥0) + f(x0,¥1) + f(x1,¥0)

+ f(x,y0)]
_ <()’1 — o) (x1 — x0)* 0% f (¢, y)

12 0x2
(1 —x0) O — }’0)3 azf(x,r))
12 dy?
+ (1 — x0)* (1 — ¥0)? 64](({’:)”))
144 dx%0y?

Now we add the error terms for all sub-rectangles
[x;—1, %] X [yj_1,¥;] , Sowe obtain

f ff(xy) ZZ([ f f(xy)dxdy>

=0 i Vji-1

(0 — 1) )
Z X X; 14}’] Yi—1 (f(xi—lnyj‘—l)

j=0i=

+f(xi,y,-_1)+f(xl-_1,y,-)+f(xi,y,-))
zz(y; Y- 1)(x xi-1)° 9%£ (3, y)
0x2

le

+ZZ G — - 1>(yf y1) 0% fGem)

dy?

]ll

(xl - xi—l) (y] _yj—l)3 a4f(€’i'y’j)
+ZZ 144 %70y

j=li=

M and N number of intervals of [a,b] and [c,d]
resp. we divide the interval into same number of

Zz(xl Xi— 1)(}’] YVi- 1) (f(xi—lryj—l)

j=0i=
+ f(xuy]—l) + f(xi—lryj)
+ £ (x))
N 0*f (& y)
(12N3 N; 0x?

N |10 f(x,n))
MEVIE N; dy?

N % 54f(f'i'y'j)
* Taant 144N*4 N2 _ dx20y?

The terms in square bracket can be recognized as
an average of values for the second order andmixed
order partial derivatives and hence it’s replaced by
f@y) 3% fCem) o 3

ax2 ' ay? dax29y?

O O = X)) — Y1)
=Z X, — X 14}', YVi—1 (f(xi—lryj—l)
+ f(x0y-1) + f(xie1, ;)
+f(xl,y]))
( 1 9%f(¢y)

j=01i=0

12N2  9x2
1 0*f(xm)
12N2  9x2
1 52f((,r77,)>
144N3 0x?2

+

Assume that the second order and mixed order
3%fQy) 9 f(xm) an a*r@y)
ax2 ' ay? dx2ay?
are bounded by Kl,Kzand K respectively
2f(xn) a2 f((y) a*ry)
Ie| |< Ky | |_ K, dax2ay? |_
K;

partial derivatives

d rb
[ reyaxay- .m0
=’ 1 0°(C,y)
12N2  9x?2
1 3% (xm
12N2  ay?
1 34f((',y')>|
144N3 0x%0y?
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B B < *f(¢,y) I11.  APPLICATIONS:
|Er (f, hiO)| < 12N2 | ax2 In this section we solve some problems and its
1 |02fCon) error term by this newly developed formula.
Nz gz 1. Consider [ [ xy3dxdy over [0,2] X [0,1]
1 34}};(5' ) Solution: Exact value of above integral is
) 2
144N3 | 9x20y?2 3% O.§66666666667
Following table shows that the number of
K, K, K, subinterval along x-axis and y-axis is doubled and
\Er(f. kil < Tonz t Tonz t Taans subinterval size is reduced by factor % Such that
successive errors Er(f,hk) are diminished by
n o m . 1
(e = x-1) (Y — ¥j-1) approximately ~
Z i i . j j (f(xi—lt Yj—l) pp y4
j=0i=0
+f(xoy-1) + f(xio1, %)
+ ()
(1 Gy
12N%2  Qx?
1 3*f(xm)
12N2  9y?
1 *f(@.y)
144N3 0x20y?
Number of | h,k T(f, hk) Er(f, hk) Eznzi
rectangles = |I(f) = T(f, hk)| Epg
1 2.0, 1.0 0.3333333333333333
1.0
4 1.0, 0.75 0.08333333333333326 4.000000000000004
0.5
16 0.5, 0.6875 0.02083333333333326 4.000000000000043
0.25
64 0.25, 0.671875 0.005208333333333259 | 4.000000000000043
0.125
256 0.125, 0.66796875 0.001302083333333259 | 4.000000000000171
0.0625
1024 0.0625, 0.6669921875 | 3.25520833333259310~* | 4.000000000000681
0.03125
4096 0.03125, 0.6667480468 | 8.13802083332593210~° | 4.000000000002728
0.015625 75
16384 0.015625, 0.6666870117 | 2.03450520832593210~° | 4.000000000010914
0.0078125 1875
65536 0.0078125, 0.6666717529 | 5.086263020759318107° | 4.000000000043657
0.00390625 296875
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262144 0.00390625, 0.6666679382 1.271565755134318107° | 4.000000000174624
0.001953125 | 324219
1048576 0.001953125, | 0.6666669845 3.17891438728068510~7 | 4.00000000069849
0.0009765625 | 581055
2. Consider [ [ x3y3 + xyover [1,2] x [2,3]
Solution:
Exact value of above integral is % = 64.6875
Number of | h,k T(f, hk) Ep = |I(f) — T(f, hk)|
rectangles
1 1.0, 82.5 17.8125
1.0
4 0.5, 68.96484375 427734375
0.5
16 0.25, 65.745849609375 1.058349609375
0.25
64 0.125, 64.95140075683594 0.2639007568359375
0.125
256 0.0625, 64.75343227386475 0.0659322738647461
0.0625
1024 0.03125, 64.70398038625717 0.01648038625717163
0.03125
4096 0.015625, 64.69161992892623 0.004119928926229477
0.015625
16384 0.0078125, 64.6885299717542 0.0010299717542068265
0.0078125
65536 0.00390625, 64.68775749228355 0.0002574922835520965
0.00390625
262144 0.001953125, 64.68756437303026 6.437303025563779 x 107~°
0.001953125
1048576 0.0009765625, | 64.6875160932529 1.609325289564367 x 10~°
0.0009765625
9%f (x.y) ey _ o3 @y _ K, Ks
r = 60Xy e =6xy, Sain = [Er (£, hk)|_12N2 oz T Taane
36xy 327 4 144 4 216
max; o | 6] = _2 100 =327 =k, TI2N2 TIN? 144N
= 3.743311390280724 x 10~
9?2 f(xn)| _o? f(23) —144=K,,
a4f(g n| Zf(z,g) IV.  CONCLUSION
m{a_z 3x20y7 ax26y2 =216 = K; The numerical error results obtained by this

For number of subintervals of interval [1,2] and
[2,3]is1024.i.eN =
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= 1024

formula and by regular calculations are closely
related.
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